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DUAL SEMIGROUPS AND
SECOND ORDER LINEAR
ELLIPTIC BOUNDARY VALUE PROBLEMS

BY
HERBERT AMANN

ABSTRACT

It is shown that general second order elliptic boundary value problems on
bounded domains generate analytic semigroups on L,. The proof is based on
Phillips’ theory of dual semigroups. Several sharp estimates for the correspond-
ing semigroups in L,, 1= p <, are given.

Introduction

Throughout this paper Q) denotes a bounded domain in R" of class C°. Thus
3Q is an (n — 1)-dimensional C*-manifold such that Q lies locally on one side of
d(). Moreover we suppose that 3} = ', UTI';, where I'; and I'; are both open and
closed in dQ and I',NI, =A.

We consider regular elliptic boundary value problems (4, %) with real continu-
ous coefficients on (), that is,

Au:=— Dj(apDu) + a;Dju + aol,
where ay = a; € C'(C,R), a;, a,€ C({},R),
a(x)EE >0  Vx€Q, £=(£, -, £MER\{0},

and

—+ B onl,

u on I,
Bu:=1 au
B

where g8 € C'(I';,,R") is an outward pointing, nowhere tangent vector field and
Bo € C'(I';,R). (We use the summation convention throughout.) Thus % is the
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Dirichlet boundary operator on I', and the Neumann or a regular oblique
derivative boundary operator on I';. Of course, either I', or I'; may be empty.
This boundary value problem (BVP) induces a linear operator

Ao: Ca(Q):={u € C*({})| Bu = 0} > C(D)

by letting A,u:= fu. Considered as an unbounded linear operator in L, ({2),
1=p <=, A, is closable and densely defined. The closure of A, in L,(Q) is
denoted by A, and said to be the L,-realization of the BVP (s, RB).

It is known (e.g. [11, 33]) that — A, generates an analytic semigroup in L, (€})
for 1 <p <, It is the main purpose of this paper to prove — under slightly
stronger regularity hypotheses — that the same is true in L,(£2). In fact, in a
natural (formal) way one can associate with the BVP (&, B) a formally adjoint
BVP (47, B”) which is, up to regularity, of the same form as (&, %). Hence, we
impose additional regularity restrictions on (&, B) and I', if we suppose that
(47, B”) is a regular elliptic BVP (see Section 4 for details).

Our main result is the following:

Suppose that (4%, RB”) is a regular elliptic BVP. Then — A, generates a
compact, positive, analytic semigroup on L,(1).

In addition we study the question under what conditions — A, generates a
contraction semigroup on L,({)) and when — A, generates a contraction
semigroup on L,(Q)) for each p €[1,«). These results generalize earlier
theorems due to Brézis and Strauss [6] (cf. also [3]).

The fundamental idea of this paper is based on a slight extension of R. S.
Phillips’ theory of dual semigroups [24], which is interesting for its own sake.
Using this theory it is shown that we can associate with L,({2) a “semigroup
dual” LP(Q), given by

Co(@):={u € C(@)|u|To=0},

such that the semigroup dual CS(Q) of Cy(Q) is again L,(Q). Thus, LY*(2) =
L,(Q), that is, L,(2) is “semigroup reflexive”. Moreover, with A, we can
associate a “semigroup dual” AP in LP({) such that AP® = A, and it can be
shown that A is induced in a natural way by the formally adjoint BVP
(€7, B”) in C(Q).

On the basis of this knowledge we study regular elliptic BVPs in Co(Q2). Due to
recent results of Stewart [30, 31] it follows that — AT generates an analytic
semigroup on Co((}). By means of the general semigroup duality we obtain from
this fact easily the stated result for — A,. Similarly we deduce by this method the



Vol. 45, 1983 DUAL SEMIGROUPS 227

fact that — A, generates (given additional hypotheses) a contraction semigroup
on L,(Q) from the corresponding result in Co(Q2), where it is an almost trivial
consequence of the maximum principle. Finally, the general case 1 <p < is
treated by interpolation.

The functional analytic abstract framework is given in Sections 2 and 3. Our
main results about semigroups generated by the BVP (&, B) are contained in
Sections 10-12. An important technical lemma about an appropriate right-
inverse of the boundary operator % is proven in Section 5. The remaining
sections contain studies of the BVP (&, B ) in different function spaces which are
important for the proofs of our principal resuits.

After this paper had been completed the author became aware of a paper by
Tanabe [32] where it has been stated (in much greater generality but essentially
without proofs) that — A, generates an analytic semigroup in L,({2). Tanabe’s
approach is based on estimates of the Green kernel and is completely different
from ours. Also Professor Pazy informed the author that in his expanded version
of [23] (which is to appear as a book in Springer-Verlag) he has a proof of the
fact that regular elliptic BVPs of arbitrary even order generate analytic
semigroups in L,(£2). His proof is closely related to ours and even simpler, since
he doesn’t use dual semigroups explicitly. However, since our paper contains
additional precise information (cf. in particular the results of Sections 11 and 12)
and since our method might also be useful in other circumstances, the publica-
tion of this paper seems to be justified.

1. Preliminaries

Let X be a Banach space over K(:=R or C). Then X’ denotes the dual of X
and (.,.): X' X X —K the duality pairing. If Y is a locally convex topological
vector space over the same field, £(X, Y) is the space of all continuous linear
operators from X into Y, endowed with the topology of uniform convergence on
bounded subsets of X. Thus £(X,Y) is a Banach space with respect to the
standard operator norm if Y is a Banach space, and £(X):=2(X, X). We
denote by X (X,Y) the closed linear subspace of £(X,Y) consisting of all
compact linear operators, and ¥ (X):= H(X, X). We write X—> Y or X (=Y,
respectively, if X is a linear subspace of Y and the natural injection is
continuous or compact, respectively.

Let XY and let A:dom(A)C Y—Y be linear. Then we define the
X-realization Ax of A,

Ax :dom(Ax)C X — X,
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by dom(Ax):={x € X Ndom(A)| Ax € X} and Axx:= Ax. It is obvious that
Ay is closed (i.e. has a closed graph) if A is closed. (It should be noted that the
X-realization of A is called by Kato “the part of A in X”, e.g. [33, definition
42.1])

If A:dom(A)C X — X is a closed linear operator we denote by o(A) the
spectrum (of the complexification of A in the case that K=R), by p(A) the
resolvent set, and by R(A,A):=(A — A) "' the resolvent of A at A Ep(A).

Let X be a real Banach space. A subset P of X is said to be a wedge if
P+PCP/R.PCP P=P and P#J. A wedge P satisfying P N (— P)={0} is
said to be a cone. Every wedge induces a preorder = (that is, a reflexive,
transitive relation) in X by letting x =y iff y —x € P. If P is a cone, then this
preorder is an order (that is, it is also antisymmetric), and X:= (X, P) is said to
be an ordered Banach space (OBS) with positive cone P. Clearly, P =
xeX | x =0}, and we often write X" for the positive cone of the OBS X.
Moreover we write x >y if x =y but x#y.

If (X, P) and (Y, Q) are OBSs then £7(X, Y):={T € £(X, Y)' T(P)C Q}is
a wedge in Z(X, Y), the wedge of positive linear operators, inducing the natural
preorder in #(X, Y). Thus T =0 means that T € £°(X, Y). In particular, X' is
preordered by the dual wedge P':= £ (X,R)={x' € X’ l {(x',x)=z0Vx€EP}L It
is not difficult to see (on the basis of the basic separation theorems for convex
sets) that TE€ X (X) iffi T'€ £°(X'). We refer to [27] for the elementary
properties of OBSs which we shall use.

In this paper all function spaces are given the natural, that is, pointwise order
and the corresponding positive cones are denoted by the superscript +. In
general, all function spaces can be taken over R or C. However, if we speak
about order properties it is always understood that we consider real functions.

We write A € 9(X, M, w) if A is the infinitesimal generator of a strongly
continuous semigroup {U (t)l t =0} in £(X) such that

[U@®)|=Me”  Vt=0.

Moreover, we let 9(X):=U{9(X, M, w)l M =1, w €ER},and e”:= U(t). Thus
A generates a strongly continuous contraction semigroup on X iff A€
%(X,1,0). We write A € #(X) if A generates an analytic semigroup on X,
where — in the case K = R — complex analyticity refers to the complexification
of X and the corresponding operators.

If A €% X)and e €H(X)fort>0,then A is said to generate a compact
semigroup. If X is an OBS then we write A € §7(X) if ¢"* € £7(X) for ¢t >0,
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that is, if A generates a positive semigroup. Clearly, 4" (X, M, w):=
Y(X, M, 0)N 47 (X) and ¥ (X)=H(X)N G (X).
We constantly use the simple but important fact that, for each o €R,

AEY(X,Mow) ifa+AEGX, Mow+a)

and that
e =% VWt>0.

We refer to [7, 8, 14, 23] for the general theory of semigroups of linear operators.

We denote by v:=(v',- -, ") the outer normal on 8 (). The outer conormal v,
with respect to o is defined by »’:= av* for j =1, -+, n. The norm in L, (Q0) is
denoted by ||-|,, and ||+ ||x, is the usual norm on the Sobolev space W({).
Finally, 2(1) is the space of all test functions on (1.

If no confusion seems possible we denote by || ||, also the norm on £(L, (Q)).
Moreover, if C € £(L, () such that C | L, () € £(L, (), where 1 =p < q =
%, we write simply || Cll, for | C | Ly (Q)],.

2. Dual semigroups

Let A € 9(X, M, »). Then the dual semigroup {(e")' | t ER"*} of {* |t eRY}
is a semigroup in ¥(X') satisfying

e“Y|=Me ViR

But, in general, that is, if X is not reflexive, the dual semigroup is not strongly
continuous. For this reason we let

X%:={x'€X'|[t» (e"Yx'|€ CR", X},

that is, X% is the largest subset of X' on which the dual semigroup is strongly
continuous. It is not difficult to see that X% is a closed linear subspace of X’
which is invariant under (¢”*), t =0, and satisfies

dom(A’)C X%
(e.g. [7, proposition 1.4.6]). Let
(e")®:=(e"y| X% ViER"

Then {(e*)®| ¢ ER"} is a strongly continuous semigroup in £(X%), the strongly
continuous (restriction of the) dual semigroup of {e"* |t = 0}. We denote by A®
the infinitesimal generator of this strongly continuous dual semigroup so that

e?*=(e")® VtER".
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Then we have the following lemma due to Phillips [24] — as are all the results of
this subsection.

(2.1) Lemma. A€ 9(XS,M,0) and A® is the X%-realization of A'.
Moreover, X% = clx(dom(A")), where clx(-) denotes the closure in X'. If X is
reflexive, then X%=X' and A®=A'.

PrOOF. [7, proposition 1.4.7] or [14, section 14.4]. O

By repeating the above construction with X and A replaced by X% and A®,
respectively, we obtain the space

X3%:= (X% = cloy(dom((A*))).

In analogy with standard duality theory X% and X%® are called the A -dual and
A -bidual of X, respectively, expressing the fact that these spaces depend on A,
in general.

In the remainder of this section we suppose that

A €¥%(X1,0).
Then
I x| = sup{|(x®, x)|||x®[=1, x*€ X%
for each x € X, and the map
k% X— (X%,
defined by
(2(x),x®:=(x%x) Vx®*eX%,

is a norm isomorphism onto a closed linear subspace of X%° (cf. [14, theorems
14.2.1 and 14.5 1}]). Similarly as in standard duality theory we identify X with
k%(X) by means of the norm isomorphism «% so that

X C X%,

and X is said to be A-reflexive if X = X%°.

In order to characterize A -reflexive spaces, A is said to have a o (X, X%)-
compact resolvent if, for some A € p(A)— equivalently: for all A € p(A) — the
resolvent R(A,A) maps bounded sets into o (X, X%)-compact sets, that is, into
sets which are compact with respect to the X%-topology of X.

(2.2) THEOREM. X is A -reflexive iff A has a o (X, X %)-compact resolvent. The
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latter is the case if A has a weakly compact resolvent, thus, in particular, if either X
is reflexive or A has a compact resolvent.

PROOF. [14, section 14.6]. l

3. Semigroup duality

In this section we extend slightly Phillips’ theory of strongly continuous dual
semigroups by considering semigroups in X% whose generators are distinct from
A*® and do not necessarily commute with A®.

Throughout this section we suppose that A € 9(X,1,0) and that

B:dom(B)C X—>X
is a densely defined linear operator.
We define the A-dual B% of B to be the X%-realization of B'. Thus B is a
linear operator in X%. If B is also densely defined then we define the A -bidual
[ . J
A Of B by

B%®:=(B%)%,
that is,
dom(B%®) = {x®*® €dom((B%)) N X%*| (B%)'x*® € X%}

and B%®x®® = (B%)'x*°.

The following lemmas exhibit a strong analogy to standard duality theory.
(3.1) LeMMmA. B is closed. If B% is densely defined, then B%® O B.

Proor. The closedness follows from the closedness of B'.
Let B% be densely defined so that B$® exists, and let x € dom(B). Then

(k2(Bx),x®) =(x® Bx)=(B%®, x)=(x%(x), B4x®)

for all x®*€dom(Bf%). Hence «%(x)Edom((BY)Y) and (B)k%(x)=
k%(Bx)€ X%®. Thus x = k%(x) € dom(B%®) and B&®x = k%(Bx) = Bx, that is,
B2* D B. O

(3.2) LEMMA. Let B be closed and suppose that R(A, B")(X%) C X% for all
A € p(B). Then p(B)C p(B%) and R(A, B%)= R(A, B’)| X% for all A € p(B).

PrOOF. Let A €p(B) and x®&dom(B%). Then, since p(B)=p(B’) and
R(A,B'Y= R(A, BY,

(3.1) R, B’)(A —B)x®=R(\B)(A\ - B)x®*=x®=(A —B')R(A, B)x°.
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Thus R(A, B')(dom(B?%))C dom(B%). Hence, if y® € X% is arbitrary,
(3.2) y®*=(@& —B)R(A,B")y®=(A - BR)R(A, B')y*.

Now it follows from (3.1) and (3.2) that A € p(B%)and R(A, B)X%= R (A, BY).
d
Observe that, trivially, R (A, B')(X%) C X% forall A € p(B)if dom(B')C X%.
Suppose now that B € 4(X). Then, by Phillips’ theory of Section 2, B®€
%(X?%). However, in practical cases the space X% may be easy to determine but
not the space X§. For these reasons we are interested in situations where B%
generates a semigroup on X%.

(3.3) THEOREM. Let B € 4(X, M, ) and suppose that B, is densely defined
and R(A, B)(X®)C X% for all A € p(B). Then BAE 4(X% M, 0) and ¢™% =
(e®Y | X% for t20.

PrOOF. Since B € 9(X, M, ), it is closed, densely defined, (w,*)C p(B),
and — by the necessity part of the general Hille-Yosida theorem (e.g. [14,
theorem 12.3.1]) —

IR(ABY||=EM(A -w)" VA>w, neEN

Thus B%is closed by Lemma (3.1) and densely defined by assumption. Moreover
Lemma (3.2) implies (w,*)C p(B%) and

IRLBR I=IR(A,BY [=[R(A,B) |=MQ ~ )™

for A >w and n €N. Thus B%€ 9(X%, M, ») by the sufficiency part of the
Hille-Yosida theorem.
Recall (e.g. [14, theorem 11.6.6]) that

(3.3) ¢®x = lim [?R(?,B)] x = lim (1—;‘3)7 x

n—x n-—»o

for each x € X and every t = 0. Hence, again by Lemma (3.2),

(x®, e®x)= lim <x°, [?R (?,B)]"x>

= lij}}n <|:?R (?,B')] x®, x> = liLIolc <{?R (L:, B:)] x°,x> =(e”%®, x)

for all x® € X% and x € X. This proves the last assertion. O

(3.4) CoroLLARY. Let B € 4(X), let R(\, B')(X%)C X% for all A € p(B),
and let B, be densely defined. Then X%C X% and e'B'|X°A= e fort z0.
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Proor. This follows from Theorem (3.3), the fact that X% is the largest
subspace of X' on which the dual semigroup {(e"®Y l t = 0} is strongly continuous,
and from (e‘®Y | X8 = ¢®*. O

It is clear that X§ = X' if B € #(X). This shows that, in general, the inclusion
X%C X9 is proper.

(3.5) THEOREM. Let B € 4(X), let R(A, B')(X%) C X forall A\ € p(B), and
let B% be densely defined. Then

(i) BE#(X)=> BLe #(X%);

(i) BE %" (X)> B 94'(X%);

(iii) e € H(X) > ™2 H(XT).

Proof. (i) It is well known that C € #(X) iff C is densely defined and closed
and there exist constants ¢ € R and y €R such that p(C) D {A €C l Re A z vy}
and

[RAO|=c@+|A])" forRerzvy

(e.g. [16, theorem 13.2]). Thus, since ||[R(A, A")||=|R(A, A)|, the assertion
follows from Lemmas (3.1) and (3.2).
(ii) Since e” = 0implies (e”) = 0, the assertion follows from Theorem (3.3).
(iii) is again a consequence of Theorem (3.3) and Schauder’s theorem on the
dual of a compact linear operator (e.g. [37, theorem X.4]). O

(3.6) PrROPOSITION. Let X be A-reflexive, let B be closed with nonempty
resolvent set, assume that R(A, B")(X%)C X% for all A € p(B), and let B% be
densely defined. Then BS® = B.

Proor. Let A Ep(B). Then (A—B)2=A-B% and (A —-B)2*=
A —B%® D A —B by Lemma (3.1). Moreover, by Lemma (3.2),

p(B)C p(BR)C p(B®).

Hence A — B%® and A — B are both bijective which shows that A — B%® cannot
be a proper extension of A — B. Thus B$® = B. |

4. Formally adjoint boundary value problems
We define the formally adjoint differential operator 4™ of o by

A% v:=— D;(axDiv)— D;(ap)+ aov.

Then, by the divergence theorem,
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u- a,»v’uv) do

for all u, v € C¥Q):={u € C(Q)| u |To =0}, provided q, € C'(Q),j =1,...,n.
We let

»IB | v)E CU(TY),

where (- | -} denotes the Euclidian inner product in R", and define a tangential
vector field on T}, of class C' by

p:= (v

7= v, — pB,

so that

9 3.9
e Pag T

4.2)

Since p(x)>0 for all x €T, we can define 8* € C'(I';,R") by
B i=va+r
so that

ad d d

“3) ava Pop* or-

Since p(B*|v)=(v. |v), we see that B* is an outward pointing, nowhere
tangent vector field on I',.
It follows from (4.2) and (4.3) that

du jguzp(ﬂv_av >+a!uv!'

v, ° o, B Y Tar

Since, for u,v € C'(Q),

800) _ (grad(uo) | ) = (gradr, o) | v,
where (- l-)rl denotes the inner product (that is, Riemannian metric) on Iy
induced by (- l) and gradr,(uv) is the corresponding gradient of (uu)ll"l, it
follows that

34D — dive (uvr) — uo dive(7)

where divr, is the divergence on I'.
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Finally we define 83 € C(I')) by
4.9) pBY :=pBo+ ay’ +divr,(7)
and the formally adjoint boundary operator B of B by

v on Iy,
B*v:=1{ gv

d
'aB—#'f'ﬁ:)#U Onrl.

Then, by applying the divergence theorem on I'; to the right hand side of (4.1),
we obtain Green’s formula

(tu | v}, — (u I&f*v)h= —f p(vBu —uB*v)do
r,

for all u, v € C3(Q).
We can write #* in the form

#A%v = —Dy(ajpDw)+alDp +alv,

where
4.5) aj:i=ay, al:=—a, al:=a.—Dua,.
Then we see from (4.4) and (4.5) that

(A4, B) and (4™, B”) are regular elliptic BVPs provided

a,ax €EC'(Q), a€CQ)
and
rec if B# va.

Of course, these conditions are sufficient but not necessary.
If we repeat the above procedure, starting with (£”, B”) instead of (4, B),
we see that p* =p and 7* = — 7, which, together with (4.5), implies

(A*Y'=o and (B*) =%

Moreover, the BVP (A, B) is formally self-adjoint, that is, o{* = of and B* = B
iff a; =0 and B = av, for some a € C'(T) satisfying a(x)>0 for all x €T}. In
this case 7=0 and p =1/a.

It should be noted that the above results are also true and meaningful if n = 1,
that is, if €):=(xo,x,) is a bounded open interval in R, provided v(xo):=—1,
v(x1):=1, and o is the counting measure on 3 ().
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Of course it is well known that there are Green formulas for elliptic BVPs (e.g.
[20, section 1.6] or, in much greater generality, [19, section IL.2]). It is the
purpose of the above considerations to give a normalization of the formally
adjoint boundary operator B* (through the weight function p), a closed
representation of B”, and to exhibit clearly the regularity properties of the
coefficients of B”.

5. Trace and density theorems

Let 1<p <o and 0=s=2. Then W,(M) denotes the standard Sobolev
(-Slobodeckii) space on M, where M equals Qor I, i = 0,1 (e.g.[1, 7, 21, 34]).
We denote by

Y. € g(cz(ﬁ)’ CZ(F,- )), i=0,1,
the trace operators, v (u):=u [T}, as well as their continuous extensions
Y EL(WHQ), Wy ™"(Ty), k=12, i=0,1

(e.g.[1,7,21, 34]). By means of y; we can rewrite the boundary operator % more
precisely in the form

B = (Yo, B'y1° D; + Boy1),
which shows that
B E L(WHQ), Wf,‘””(FO) X W;“/P(Fl)).

The following important extension lemma, generalizing {2, lemma 3.2}, shows
that B possesses a continuous right inverse enjoying some additional properties.

(5.1) LEMMA. There exists
R € LW, (o) x W, (), W)
satisfying
BR=id and y,°R=0
as well as
R(CY )% C'(T)) C CHQ).

Proor. By means of local coordinates and standard partition of unity
arguments we can reduce the problem to the case where (} is replaced by the
upper halfspace H*:={x €R" | x" > 0} and all functions involved have compact
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supports and are at most of class C” (compare, for example, the proof of lemma
(3.2) in [2]). If dH" =R"'x{0}=R""' corresponds to (a portion of) Iy, the
assertion is simply the standard (inverse) trace theorem (e.g. [21, theorem
I1.5.8]). Thus we can assume that dH" corresponds to (a portion of) I'..

Let E be an arbitrary Banach space and let U(¢), V(t), t =0, be strongly
continuous semigroups on E. Then we define the convolution U * V' by

U V(t)x:= f U(t—r)V(r)xdr  Vtz0, x€E.
0

Moreover, we let U@ :=U = U.
Let m:=n—1and, forj=1,---,m, let U,-:={U,-(t)| t = 0} be the translation
semigroup

(]i(t)u(}’):=u(yl" S }’H, )’i + t }’j+l,' * "ym)'

Then it is well known that the U; are strongly continuous, pairwise commuting,
positive semigroups on E, where E:=L,(R™) or E:=BUC(R™), the space of
bounded and uniformly continuous functions on R™. Moreover, the infinitesimal
generator A; of U; is given by

dom(A)={u€E|DucE} and Au=Du

(e-g- [7, sections 1.3.3 and 4.3.1]).
Let V(t):=tide for t =0 and define Ru by

Ru(t):=(N"V+ U@ *- - x UD(t)u

for t>0 and u € E, where ¢ € C*(R",R) has compact support and satisfies
¢(0)>0 and D (0)=0. If ¢(0) is suitably chosen and if u € (-, dom(A,), it
follows from the very general results of J. L. Lions [17] that Ru € C*(R", E),
that Ru(0) =0 and DRu(0) = u, and that & € ¥(T,, T>), where T, and T, are
appropriate trace (that is, special interpolation) spaces. Choosing in particular
E =L,(Q), it follows that, up to equivalent norms, T,= W, "/(dH") and
T, = WiH") (cf. in particular [17, section 9]). From these facts the assertion is
readily deduced. |

It should be remarked that a more direct but much more technical proof of
Lemma (5.1) could be based on the resuits in [21] (cf. in particular [21, lemma
I1.5.8]). In [21] the explicit use of semigroups and interpolation spaces is
avoided, but the principal ideas of [21] and [17] are the same.

As an easy consequence of Lemma (5.1) we obtain the following approxima-
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tion lemma. Here and in the following we use the following notation: if X(Q)is a
space of functions on (3, we let

Xa (Q):={u € X(Q)| Bu =0} = X(Q) N ker(R),
whenever & is well defined on X(£2). Similarly,
Xo(Q):={u € X(Q)l Yo(u) = 0} = X (1) N ker(yo).
Observe that there is no restriction on u | Iy if u € Xo(2).
(5.2) LeMMA.  C%(Q) is dense in W24(Q).

PrOOF. Let u € W;4(Q2) and £ >0 be arbitrary. Since C*{) is dense in
Wi(Q), there is a v € CQ) satisfying ||u ~vl|h, <e(l+|]|RB|)™". Then
Bv € C () x C'(I) and w:=RBv € C*(Q)) by Lemma (5.1). Thus v —w €

%(Q) and

e =@ = wlep =llu—vlkp +[wlk,

=|lu=vlp +1RB W — )|, =A+|RBIDu —v]., <e,
which proves the assertion. O
In the following we let
CHQUTY):={u € CY)]|supp(u) C QUT}
and prove another density result which will be useful later, namely
(53) LemMa. C:a(QUTY) is dense in Co({2).

ProOF. By means of local coordinates and a standard “translation argu-
ment” based on the fact that translation is strongly continuous in BUC(R"), it
follows easily that CQUT)) is dense in Co(Q) (cf. the proof of [1, theorem
3.18)).

Let u € Co(Q) and £ >0 be given. Then there is a v € CA(QUT) satisfying
lu—vl-<e/2. Let w:=R%Bv and, for each §>0, let ¢, € D(R") satisfy
0=¢;=1, supp(e;)EB(,8), and ¢ |[BI1,8/2)=1,  where
B, p):={x €R" |dist(x,[)) < p}. Then ¢@;w € C(QUT,) for & sufficiently
small and || sw J.—> 0 as 8 — 0, since @sw | I', = 0 by Lemma (5.1). Hence we find
a 8 >0 such that z:= g;w € CQUT) and || z |- < /2. Since Bz = Bw = By, it
follows that v —z € C2&(Q UT,) and

lu =@ = 2)=lu-vl+]z[l<e,

which proves the assertion. d
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6. The maximum principle

In this section we give an extension of the well known “inverse positivity”
result for elliptic BVPs of second order, which are obtained from Hopf’s
maximum principle. Since we do not presuppose any sign condition for B,, our
results seem to be new even in the case of classical solutions.

In the following we denote by #:I,—>R" an arbitrary outward pointing,
nowhere tangent vector field.

(6.1) THEOREM. There exists a constant X €R such that
6.1) uEWYQ), p>n, (£+MN)uz0, Buz=0 and A >\

imply u = 0. Moreover, if u# 0 then u(x)>0 forallx € QUT, and (6u/ov)(x)<
0 for x €T,.

Proor. Let v:=(0,| Boll-) € C*(I'0) x C'(I';), and let ¢ € C*(R") satisfy 0 =
¢ =1, supp(e)CB(I'y,2¢), and ¢ lB(Fl, €)=1, where ¢ >0 is so small that ¢
vanishes in a neighborhood of T, and w:=1+ ¢®Rv = 3. Since %v € C*({}) and
Rv IF, =0, this choice of ¢ is possible. Then w € C*({2), w =1 in a neighbor-
hood of Iy, and Bw =0 by Lemma (5.1). Moreover, (& +A)w >0 for A >
2|| twll.. =: A.

Let (6.1) be satisfied. Then u € C'(Q) by the Sobolev imbedding theorem, and
u is a.e. twice classically differentiable [30, theorem VIIL.1]. (Clearly, we identify
the equivalence class u € W3((2) with an appropriate representation, as is usual
in the statement of imbedding theorems.) Now the assertion follows by an
obvious combination of the generalized maximum principle of Protter and
Weinberger {25, section I1.5] with Bony’s maximum principle [5]. O

It should be observed that the above theorem remains true if the coefficients
of & are only supposed to belong to L.(£).

7. Elliptic boundary value problems in L,({}), 1<p <
For each p €(1,») the L,-realization A, of the BVP (¢, B) is defined by
A, :dom(A,) C L, () — L, (1)),

where dom(A,):= W:4(Q) and A,u:=u. Then it is well known (e.g. [33,
section 3.8]) that

- A, € #(L, ().
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Standard regularity theory implies that the spectrum of A, is independent of p
and that

(7.1) M+ A L@ =0 +A,)"

for A Ep(—A,)and 1< p = q <. Hence (7.1) and the representation formula
(3.3) show that e ** leaves L,({Q) invariant and that

(7.2) e |L(@)=e" forl<p=q<w=.

Since W24(Q)) C— L,(Q), A, has a compact resolvent. Hence it follows from
Pazy’s theorem [22, theorem 3.3] that e ™ € ¥ (L, (2)) for ¢ >0.

Let u € C*(Q). Then (7.1) and Theorem (6.1) imply that (A + A,)'u =0 for
all A > X. Since C*(Q0) is dense in L (), it follows that (A + A,)™" =0 for A > A.
From this we deduce that e *» =0 for t =0 (cf. [14, theorem 11.7.2]). In
summary:

— A, generates a compact, positive, analytic semigroup on L, (2).

In the following A, denotes the dual of A, and A} the L,-realization of the
formally adioint BVP (#£”, 8%). For completeness we include a simple proof of
the following well-known

(7.1) THEOREM. Suppose that (A*,B*) is a regular elliptic BVP. Thus
A,=Aj}, where p':=p/(p —1).

PrOOF. Green’s formula and Lemma (5.2) imply
(v,Au)=(Alv,u) VuEdom(A,), vEdom(AL).

Thus A, D A}. Since A + A,=(A +A,) and A + A} are both bijective for
sufficiently large A € R, we see that A} cannot be a proper extensionof Aj.. [

8. Boundary value problems and semigroups in C(Q)
We define the L.-realization A. of (&, B) by
dom(A.):={u € Wia(Q)| A,u € L(Q)}

and A.u:=A,u, where p €(1,») is arbitrary. It follows from (7.1) and the
Sobolev imbedding theorem that A. is independent of p and that A. is the
L.(Q)-realization of A, (in the sense of the definition of Section 1). Clearly A.. is
a closed linear operator in L.({}).



Vol. 45, 1983 DUAL SEMIGROUPS 241

The following lemma shows that A.. is not densely defined and that the closure
of its domain is independent of the special operator.

(8.1) Lemma. dom(A.) = Co(f).
Proor. The assertion follows from the obvious inclusions
2a(QUT)) C dom(A.) C W24(Q) C Co(QD),
where p > n, and from Lemma (5.3). O

Finally we define the C-realization A of (s{, B) to be the Co(Q))-realization of
A.. Thus

dom(A):={u € dom(A.)| A-u € Co({1)}

and Au:=A.u. Observe that Cig(QUT)Cdom(A). Hence A is densely
defined by Lemma (5.3).

(8.2) THEOREM. — A generates a compact, positive, analytic semigroup on
CoD).

PrOOF. The fact that — A € #(Co(Q)) follows from the much more general
results of Stewart [30, 31]. The Rellich-Kondrachov theorem implies the
compactness of the resolvent of A. Thus, again by Pazy’s theorem, — A

generates a compact semigroup. The positivity assertion follows also again from
Theorem (6.1). O

The following theorem is essentially known.

(8.3) THEOREM. If ao=0 and Bo=0 then — A € 4(Cy(Q)),1,0).

PrOOF. Let A >0 and u €dom(A), and let v:=|/(A + A)u /2. Then
(£ +A)(vxu)=0, B xu)=0

so that — v = u = v by the maximum principle (cf. the proof of Theorem (6.1)).
Thus Afjuf-=||(A + A)ull- for all A >0 and u € dom(A), and the assertion
follows from the Hille-Yosida theorem. O

(8.4) REMARK. If — A € 9(Co(Q)),1,0), then a, =0 by a result of Sinestrari
[28). If n =1, then Fattorini [10] has shown that also Bo=0. By the same
arguments it should be possible to show that 3, = 0 in the general case. We leave
the details to the reader. O

It is easily verified that 0 (A)=0(A4;), 1 <p <.
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9. Elliptic boundary value problems in L({2)

It follows from the Agmon-Douglis—Nirenberg L,-estimates that the graph
norm on dom(A,), 1 < p <, is equivalent to || - |.,. Hence Lemma (5.2) implies
that C%(Q) is a core for A,, that is, A, is the smallest closed extension of
A, I Ca(Q), 1 < p <. This fact motivates the definition of the L;-realization of
(A, B) given below.

Throughout this section we suppose that the formally adjoint BVP (4%, B")is a
regular elliptic BVP.

(©.1) Lemma. o | CH(Q) is closable in Li(Q).

Proor. Let (;) be a sequence in C*(Q}) such that u;—0 and #u;, — v in
L,(2). Then, by Green’s formula,

(w,v)=lim {w, Su;) = &im (A¥w,u;)=0
e arth

for every w € @(Q2). Hence v = 0, which implies the assertion. O

We define now the L,-realization A, of (#, B) to be the closure of l Cs(Q)
in Ly(Q). Thus A, is a closed densely defined linear operator in L,(f)), and

(9.1) AL, (@) Ndom(A) = A,

for all p >1.

The following proposition generalizes a corresponding regularity result of
Brézis and Strauss [6, theorem 8 and lemma 23]. Here D(A,) denotes the
Banach space (dom(A,),| - |l4,), where ||+ ]|a, is the graph norm.

(9.2) PROPOSITION. D(A,)=> W, o) for 1=q <n/(n—1).
ProOOF. For 1< g < and u € C(Q) let
e lsa:=sup{] (| 0)csl/llo o [0 € (@)},

and fix any A € p(— A). Then, by the arguments of the proof of {2, proposition
3.3], we deduce the existence of a constant ¢, such that

9-2) lulle Sc A +Adull,  Vu € CHQ).
Since W, ()= L.(Q) for ¢’ > n, that is, for ¢ <n/(n —1), it follows that
©3)  lolbe=cisup{l@ [ wil/lw | w € Ca-@) = cifloll

for some constant ¢;,. Now the assertion follows from (9.2). a
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(9.3) CorOLLARY. A, has a compact resolvent and o(A,)=c(A).

Proor. Fix A € p(A) and g € (1, n/(n —1)). Then (9.2) and (9.3) imply the
existence of a constant ¢ such that

9.4) lulh=lull, =cll(X + ADul Yu €dom(A)).

Hence A + A, is injective. Let v € L,(Q) be given, choose a sequence ¢; € D(£)
such that ¢;— v in Ly(Q), and let u:=(A +A)) ¢, =(A +A,) "¢, where
p € (1,») is arbitrary. Then, by (9.4),

lw —wli=clle — el Vjk €N.

Thus there is a u € L,(Q) such that u; > u and (A + ADy; — v in L,(}). This
shows that u €dom(A;) and (A + A)u =v, that is, A + A, is surjective.
Consequently, p(A,) D p(A), and A, has a compact resolvent since

D(A)= W () C— Li(Q).
Since, trivially, ¢ (A) C 0 (A) by (9.1), it follows that o(A) = o (A ). |
It is now easy to prove the following basic
(9.4) THEOREM. Aj= AZ.
PROOF. Let v €dom(AZ), u € Ci({}), and 1 <p <. Then
(v, Ayu)y=(v, A,u)=(A,p,u)=(AJv,u)=(AZv,u)

by Theorem (7.1) and the definition of AZ. Hence A; D AZ by Lemma (5.2). If
AEp(—A), thenA+Ai=(A+A) and A + AZ are both isomorphisms. Thus
A/ cannot be a proper extension of AZ. d

10. Semigroups in L,({2)

In the following we let s:= — A and B:= (yo, ¥'y:° D;), that is, Bu = u on I,
and Bu = du/dv onT,. For completeness we give a simple proof of the following
lemma, although it is a special case of the results of Brézis and Strauss [6].

(10.1) Lemma. — A, € 9(L.(),1,0).
ProOF. Let u € C3(Q), 2=p <=, and v:=d|u|". Then
Do =|ulP(Dji +(p —2)(a/|u|)D;|u|) and D;|u|=Re(@Du)/|ul.

Hence, by Gauss’ theorem,
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Re(v, (A —A)u) = A ||u |+ Re(Djv, Du)
=2 ||u||§+Jn JuP(IVu P+ —2)|V]u| Pdx = A]ulf.

From this it follows that
(10.1) Mull, =l + Apul,

for all u € dom(A,) and A > 0. Since (0,®) C p(— A), the Hille-Yosida theorem
implies — A, € 9(L,(Q),1,0). Thus, since (&, B) is formally self-adjoint, we
obtain — A, € 9(L,(Q),1,0) for all p €(1,%) by Lemma (2.1) and Theorem
(7.1). Thus (10.1) is true for every p € (1,%) and u € C; (1), and, letting p — 1, it
follows that

Mulh =l +Adul  VYueC@).

Now the assertion follows from the definition of A,, Corollary (9.3), and the
Hille-Yosida theorem. a

In order to simplify the notation we denote in the following the operator — A,
simply by A,. Then we prove the following fundamental

(10.2) THEOREM. Co(Q2) is the Ar-dual of L(Q), that is,
Co(®) = [L()]2,
and L,(Y) is A-reflexive, that is,
Ly(Q) = [Co(D)se-

If (4%, B*) is a regular elliptic BVP, then A™ is the Ai-dual of A, and A, is the
AP-dual of A”.

ProoF. Since, by Lemma (10.1), A, generates a contraction semigroup on
L,(Q), it follows from Lemma (2.1) that [L(Q)]%, is the closure of the domain of
the dual (A:) in [L(Q)] = L-(2). Hence, by observing that A, is formally
self-adjoint, we see from Theorem (9.4) and Lemma (8.1) that [L,(Q)]%, = Co({).
Now, since A, has a compact resolvent by Corollary (9.3), Theorem (2.2) implies
that L,(}) is A,-reflexive.

If (%, B”) is a regular elliptic BVP, then Theorem (9.4) and Lemma (8.1)
show — due to the already proven facts — that A* (that is, the Co({)-realization
of (s4”, B™)) is the A;-dual of A,. Since dom(A 1) C Co(Q) = [L.(2)]® by Lemma
(8.1) and Theorem (9.4), the remark following L.emma (3.2) and Proposition (3.6)
imply (A,)2® = A,, whence the last assertion. O
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Observe that, by the above theorem, A? = — A. In abuse of notation, we
denote — A by A, that is, AY = A. Consequently,

(10.2) [LAD]E =Co) and [Co(D)]2 = Li(D).

After these preparations it is now easy to prove our main results.

In the remainder of this section we suppose that (4%, B”) is a regular elliptic
BVP.

(10.3) THEOREM. ~— A, generates a positive, compact, analytic semigroup on
L(Q), which is a contraction semigroup if a; =0 and 85 =0.

PrOOF. By Theorem (8.2) we know that — A” generates a compact, positive,
analytic semigroup on C,(Q2). Moreover, Theorem (8.3) implies that —A*
generates a contraction semigroup on Co(Q2), provided af =0 and B3 = 0. From
Theorem (10.2) we know that L,() is the AP-dual of Co(Q}) and — A, is the
A?-dual operator of — A*. It is an obvious consequence of Theorem (9.4) that
(A”)Y D A.. Moreover, a(A*)=o(A})=0d(A,)=0(A,)=d(A,) by Theorem
(7.1) and the fact that the spectrum of A, is independent of p €[1,%]. Let now
A Ec(A”)and v € Ly(Q) C[Co(Q)]'. Then there is a unique u € dom(A,) such
that v = (A + A,)u. Hence v = (A + (A %))y, since (A*Y D A,, which shows that
R\, (—AY)(L(Q) C Li(Q). Since Ly()= Co(1) by (10.2), the assertion
follows now by applying Theorem (3.5) and Theorem (3.3) with X:= Cy({2) and
B:=—A". O

2

Our next theorem shows that the semigroup e ' is — for each fixed t =0 —
the continuous extension of e ™ for every p € (1, «). In addition it gives a useful
and natural characterization of the dual semigroup of e ™.

(10.4) THEOREM. e " =™ l L,(Q) for 1<p<w, and (e™)y=
e 1| L.(Q) for every t 0.

Proor. The first assertion follows from (9.1). Since {e™™» |t=0} is an
analytic semigroup on L, ({), it follows that e “*(L, ({2)) C dom(A,) for >0
and every p €[1,%). Thus, by Sobolev’s imbedding theorem, e A7 |Lw(ﬂ)€
Z(L())).

For u, v € L.({)) we deduce now from Theorem (7.1) and Lemma (2.1) that

(e Ty, v)=(e ™ u,v)=(e""u,v)

= <(64'A")’u, U) — <u’e~xAPv> — <u, ef'A‘v),
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where 1 < p <®. Now the second assertion follows from the density of L.((2) in
Li(Q). a

Our last result of this section is concerned with the smoothing property of the
semigroup {e " I t = 0}. For this we denote by W*(Q2) the projective limit of the
spaces Wi(Ql), 1 <p <,

W2(Q):=lim WQ).

Thus W*(Q) is the vector space N{W3(Q)|1< p <o} endowed with the family
of seminorms {| - |, | 1 < p < ®}. Consequently W*() is a Fréchet space and

Wi Q) W Q) W), 1<p<x,
and W%(Q) is a closed linear subspace of W>(Q) (cf. [27, §2.5] for the elementary
facts about projective limits).
(10.5) CorOLLARY. (t+ e )€ C((0,%), L(L.(2), Wa(D))).
PROOF. Since {e I t =0} is an analytic semigroup, it is well known that
(t» ™) E C((0,®), £(L:(2), D(A)).

Now the assertion follows from Proposition (9.2), the first part of Theorem
(10.4), the fact that {e™“* ltéO} is an analytic semigroup on L, () for each
p € (1,%), from (7.2), and by means of the semigroup property. [l

Clearly, if o, %, and () have better regularity properties we get better
smoothing properties of the semigroup {e ™" | t Z0}. For example, if (0 and all
coeflicients of & and % belong to class C7, it follows that

(t > e™) € C((0,%), (L), C(D))).

This is a consequence of the fact that every analytic semigroup is an analytic
function from (0, =) into £(X, Xi), k €N, where X, equals the domain of the
k-th power of the infinitesimal generator endowed with the graph norm.

11. Contraction semigroups in L,({2), 1=p <

Throughout this section we assume again that (4%, B”) is a regular elliptic
BVP.

First we consider the case that — A, generates a contraction semigroup in
L, (Q) for every p €[1,®).
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(11.1) THEOREM. Suppose that ao,a3 =0 and Bo,Bo=0. Then
-~ A, €9(L,()),1,0) for each p €[1,).

Proor. It follows from Theorem (10.3) that — A, € 9(L,(£2),1,0), and
Theorems (8.3) and (10.2), together with Theorem (3.3), imply that — AT €
%(L,(0),1,0). Thus |e |, =1 and, by Theorem (10.4),

le™ Il =ll(e™* %Yl =lle™*h =1

for all t = 0. Now the assertion is a consequence of the Riesz-Thorin theorem
(e.g.[4, theorem 1.1.1)). g

(11.2) CoroLLARY. Suppose that I's= 3 (Dirichlet boundary conditions).
Then — A, generates a contraction semigroup on L, (Q) for each p €[1,») iff
a,=0 and ao— Dja; = 0.

Proor. This follows from Theorem (11.1), formula (4.5), and Remark (8.4).(1

(11.3) REMARK. Suppose that 8 = v,. Then it follows from the considera-
tions in Section 4 that 87 = B, + a;v’. Hence, in this case, the conditions a, =0,
ao— D,a; 20, Bo=0, and a;’ =0 on T, are sufficient for — A, to generate a
contraction semigroup in every L,(), 1=p <. Under slightly stronger
conditions (namely, B8 =v,, as=Za>0, as—Dja;Za, Bo=0, ap’' =0 on
I'i:=3Q) Brézis and Strauss [6] have shown that — A, generates a strongly
continuous contraction semigroup on L,(£2).

It is a more delicate question to characterize those BVPs (&, &) which
generate contraction semigroups ineach L, (), 1 = p < oo, if [ Z#Z. Even if one
shows that B, =0 is a necessary condition for — A to generate a contraction
semigroup on C,({2), it is not clear what this does mean for — A,, since the
coeflicients a; of & can be modified on a set of measure zero without changing
the L,-realization A, for 1 = p <o, O

As a further consequence of Theorem (11.1) we obtain the following version
of the weak maximum principle.

(11.3) PROPOSITION.  Suppose that as, a3 =0 and Bo, B3 =0. Then

(11.1) ess-sup (1+AA) 'u=llu*|. VYA=0, u€L(Q),
Q
where u” := max(u,0).
Proor. It follows from Theorem (11.1) that

lA+2rA) " ul, <|ull, VAZO0, pe(l,®), u€LQ).
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Hence, letting p — =, we find that
(11.2) Na+ra) " "ull-=lul. VA =0, uecL).

Since (1+AA;)" =0 for A >0 by the positivity of the semigroup {e |t =0}
(e.g. [14, theorem 11.7.2]), we deduce from u=u" that (1+AA) 'u=
(1+ A,)'u". Now the assertion follows from (11.2). (I

Proposition (11.3) generalizes a corresponding result of Brézis and Strauss [6],
where inequality (11.1) is one of the basic hypotheses under which the existence
of weak solutions to semilinear equations of the form A;u + g(u)> f is proven
in the case that f € L,(€2) and g is a maximal monotone graph in R. We leave it
to the reader to apply the general results of this paper to semilinear elliptic BVPs
along the lines of [6].

12. Spectral properties and growth estimates

Let X be an OBS. Then x € X is a quasi-interior point of X if the linear hull
of the order interval [0,x]:={y € X |0=y =x} is dense in X. If T € £*(X)
then T is said to be irreducible if there exists a A > r(T), where r(T) denotes the
spectral radius of T, such that

(12.1) TR(A, T)x = >, A7 T*x
k=1

is a quasi-interior point of X for every x >0 (e.g. [27, V.7.7)). If X = L, (),
1=p <o, then u € X" is a quasi-interior point of X" iff u(x)>0Ofora.e. x €Q.

If C is a densely defined closed linear operator in an arbitrary Banach space
then

s(C):=sup{Re A l)\ Ea(C)}

is the spectral bound of C.
After these preparations we can prove some important spectral properties of
A,.

(12.1) THEOREM. o (A) contains a least real eigenvalue Ao, the principal
eigenvalue of (A, B) and A, is simple and has a positive eigenfunction u, €
Wa(Q) such that ul(x)>0 for x EQUT, and (ud/dv)(x)<0 for x E€T,.
Moreover, A, is the only eigenvalue of A having a positive eigenfunction, and
—Xo=s(—A). Finally, (A + A,)™" is positive and irreducible for A > — Ao and
1< p <o, and there is no eigenvalue A # Ao of A with Re(A)= A,.
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Proor. Let s:=s(—A). Hence s =s(—A,) for every p €(1,»), since
o(A)=0(A,). Let now A > A and p € (1,®) be fixed, and let T:=(A + A,)".
Then, by a standard bootstrap argument, for each v € L}(Q){{0} there is a
k €N* such that T*v € W), where q > n. Hence it follows from Theorems
(6.1) and (12.1) that TR(w, T)v is a quasi-interior point of L,(Q}) for p >
r(T)=:r. Hence Tis irreducible and [27, app. 3.2] implies that r >0, that r is a
simple eigenvalue of T, that r possesses a positive eigenfunction u, which is a
quasi-interior point of L;(), and that there is a positive eigenfunction
vo € L ,(Q) to the eigenvalue r of T’ such that (vo, u) > 0 for all u € L;(Q)\{0}.
Suppose now that A’ is an eigenvalue of T possessing a positive eigenfunction u.
Then A'(ve, u) = (vy, Tu) = (T vo, u) = r{ve, u), which implies A’ =r. Thus r is
the only eigenvalue of T having a positive eigenfunction.

Clearly, A uo = ((1/r) — A)uo, which shows that ¢ (A) R # . Hence A has a
least real eigenvalue, Ao, and a bootstrap argument shows that u, € W5(Q).
Thus, by adding the term puo to both sides of the last equation, where p is
sufficiently large, we deduce from Theorem (6.1) that uy(x)>0 for x €eQUT,
and (duo/dp)(x) <0 for x €T%.

We can now invoke [13, theorem 3.3] to obtains Eo(—A)and (A + A4,) "' =0
for A >s. Hence Ao= —s. Let A > — A, be fixed and let w:= X +A,>0. Then
oA +A)C{zeC l Rez=pu} and T:=(A +A,)" is compact. Moreover,
r:=r(T) € o(T) by the above considerations, which implies r = 1/u. From this
we deduce that the positive eigenfunction u. of A belongs to the eigenvalue A,.
Now all the remaining assertions, but the very last one, follow from the spectral
mapping theorem (e.g. [9, lemma VIIL.9.2]).

Suppose that there is a A € o (A)\{Ao} with Re(A) = Ao. Then it follows from
[12, theorem (2.4)] that A,+ikImA €E0(A) for every k €EZ. Since - A,
generates an analytic semigroup, it is known that there are constants y €R and
a €(0, w/2)such that c(A)C{z €C | |arg z | < a}, which gives a contradiction.

a

Since there is no assumption on the sign of By, the above theorem is new, even
in the case of smooth coefficients of (&, B) and a smooth domain (2.

Throughout the remainder of this section we presuppose again that (4%, B”) is
a regular elliptic BVP.

By Corollary (9.3) we know that o(A,)= o (A). The following proposition
complements Theorem (12.1).

(12.2) ProposiTioN. (A + A\)™" is positive and irreducible for A > — X,.
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Proor. Since (A +A,)'D(A+A,) " for p>1and A €p(A), the positivity
of (A + A,)" for A > — A, follows from Theorem (12.1) and the density of L,(£2)
in L7(Q). Now the irreducibility of (A + A,)"' for A > — A, is a consequence of
Proposition (9.2) and the irreducibility of (A + A,) ' forp > 1. O

In the following theorem we give two important estimates. We emphasize the
facts that these estimates are independent of p €[1, %) and that the exponential
bound is optimal.

(12.3) THEOREM. There are constants M and N such that

(12.2) e~ |, = Me ™'
and
(12.3) lAe |, = NtTle ™

for all t >0 and p €[1,»).

Proor. By Theorem (12.1) and Corollary (9.3) the space L:({2) has a direct
sum decomposition L,({}) =Rup X;, where X, is invariant under A, and
o (A Xi) = 0(A)\{Ao} (e.g. [15, theorem II1.6.17]). Since the spectrum of A, is
contained in a proper sector of the complex plane and there is no eigenvalue of
A, | X, with real part Ao, the fact that A, has a compact resolvent implies that
s5i:=s(— A, | X1)< — Ao. The representation formula (3.3) shows that Ru, and
X, are both invariant under ¢~ ", that e_'AIIX] =e "™ and that e u,=
e *'u, for all t = 0. Clearly {e ™™ | t =0} is a compact analytic semigroup on
X,. Hence, by the spectral mapping theorem (for the point spectrum) of analytic
semigroups (e.g. [23, corollary 11.3.4]), o(e TealX
Thus

—IAI[X‘)

=e Y for every t>0.

re™ ™)y =sup{|A|[A E (e P} = e™

for t = 0. On the other hand it is well known that r(e ™) = ¢“ for all £ Z0,
where

wn=lim 1" loglle” "],

=inflo €R|IM = 1:||e ™|, = Me™ V= 0}

(e.g. [8, theorem 1.22] and [7, proposition 1.1.2]). Hence there is a constant
M, =1 such that |[e ™|, = M,e ™" for ¢t >0. This implies the existence of a
constant M =1 such that
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e f=Me™  Viz0,

that is, such that —~ A, € G(L.(Q}), M, — Ao).

By applying the same argument to — A (and by increasing M if necessary), we
find that — A € 4(Co(Q2), M, — A,). Thus — A* € G(L(Q), M, — Ao) by Theorem
(10.2) and Theorem (3.3). Now (12.2) follows from the Riesz-Thorin theorem
and from Theorem (10.4), since

le™ e =l %Y [l =fle™* 7]l = Me™"

for t = 0.
Since — A, € #(L.(Q2)) by Theorem (10.3), it follows that

gl Ase ™ <=
(e.g. [7, proposition 1.1.11]). Hence there are constants N, and & > 0 such that
tlAe ““ |, = N, for 0< ¢ = 8. Thus, by (12.2),
[Ae ™ =]e %A e™®"] =8 'N.Me ™™

for t = 6. Consequently there is a constant N such that

[Ae ™| =Nt7le™ V>0
By applying the same argument to — A” € %(L,(£)) we can assume that also

|AZe T|=Nt7'e™  V¥ir>0.

Using the fact that A7|L,(Q)= A} = A for 1 <p <, that A, commutes with

e "%, and the density of dom(A4,) in L,({2), we see, similarly as in the proof of
Theorem (10.4), that

Are ™| L(Q) = (ATe ™7y
for t > (. Now (12.3) follows again by the Riesz-Thorin theorem. O]

The following corollary shows that the semigroup {e **»|t=0} has a

holomorphic extension to a sector around R* which is independent of p € [1, ).

(12.4) CorOLLARY. There exists o €(0,m/2] such that {e™e

0} C L(L, () extends for each p € [1,) to a bounded holomorphic semigroup on
the sector {z €C||argz|<a).

t=

Proor. It follows from (12.2) and (12.3) that there is a constant M, such that

1A, = Ao)e ™|, = e {|| Ae ™ |, + | Ao €™ [,} = M/t
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for 0<t=1 and 1= p <. Now the assertion is a consequence of well known
facts about analytic semigroups (e.g. [7, proposition 1.1.11]). O

Since W%(Q)— L.(Q), it follows from Theorem (10.4) and Corollary (10.5)
that e € L(L, (), L, () for 1=p =g = and ¢ > 0. Our last proposition
gives an estimate for the |- |,4-norm, that is, the norm in £(L, (Q), L, (?)) of

e M.

(12.5) ProOPOSITION. Let 1=p < q =c. Then there is a constant c:=c(p,q)
such that

€7 g = ct™ 20PNt Yy >0,
Proor. By replacing A; by A;— Ao, we can assume that A,=0. Let
a:=3n(1/p —1/q) and assume that p > 1. If @ <1, then

leelle = cllullzpll e flo™

by the Gagliardo-Nirenberg inequality (e.g. [11, theorem 10.1]). Since ||-|., is
equivalent to the graph norm of A, = A, I L,(Q) and since A, is invertible, the
assertion follows from Theorem (12.3). If @ =Z 1, we obtain the assertion by an
obvious iteration argument based on the semigroup property. Thus, in
particular,

e = ct™ V>0,

tA

By applying this argument to e “*% and using Theorem (10.4) we see that

”e—ml"w — ”e_tAT”q;w = ¢ RNV V>0
and the assertion has been proven. |

Estimates of the above type play a considerable réle in connection with
semilinear evolution equations (e.g. [26, 36]). The proof of Proposition (12.5) for
p >1 follows [35, lemma 4.1].
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